Numerical studies on the stabilization of neoclassical tearing modes (NTMs) by electron cyclotron current drive (ECCD) have been carried out based on reduced MHD equations, focusing on the amount of the required driven current for mode stabilization and the comparison with analytical results. The dependence of the minimum driven current required for NTM stabilization on some parameters, including the bootstrap current density, radial width of the driven current, radial deviation of the driven current from the resonant surface, and the island width when applying ECCD, are studied. By fitting the numerical results, simple expressions for these dependences are obtained. Analysis based on the modified Rutherford equation (MRE) has also been carried out, and the corresponding results have the same trend as numerical ones, while a quantitative difference between them exists. This difference becomes smaller when the applied radio frequency (rf) current is smaller.
Introduction
The neoclassical tearing modes (NTMs), driven by the bootstrap current perturbation due to the flattening of plasma pressure inside a magnetic island [1] [2] [3] , are often observed in tokamak experiments [4] [5] [6] [7] [8] [9] [10] [11] . They are found to degrade the plasma energy confinement, limiting the achievable plasma β value below that predicted by ideal MHD theory [3, 5, 8, 9, [11] [12] [13] [14] [15] . Therefore, NTMs have to be stabilized for a fusion reactor.
It is well known that NTMs can be suppressed by localized radio frequency (rf) current drive, with the driven current in the direction along the plasma current to compensate the missing bootstrap current inside the island [10] [11] [12] [13] [16] [17] [18] . The electron cyclotron wave (ECW) has a good localization of power deposition because of its narrow beams and strong absorption, so that electron cyclotron current drive (ECCD) is suitable for NTM stabilization. The stabilization of NTMs by ECCD has been carried out in tokamak experiments, e.g. on ASDEX-U, DIII-D, JT-60U, TCV [9-11, 15, 16, 19-21] . For ITER it is proposed to utilize 20 MW of ECW power at 170 GHz from a relatively high launching position to control the / = 3/2 ( and are the poloidal and toroidal mode numbers) and 2/1 NTMs [22] . A cross-machine benchmark using the modified Rutherford equation (MRE) has been made, suggesting that 20 MW of ECW power with a normalized (to plasma minor radius) driven current width 0.05 will be sufficient in greatly reducing the amplitude of the / = 3/2 and 2/1 NTMs for a local bootstrap current density fraction 0.16 in ITER [23] .
Theoretically, there are three kinds of approaches on the NTM stabilization by ECCD. One is based on the analysis of the MRE [3, 8, 23, 24] , the second one is based on the numerical simulation of reduced MHD equations [12] [13] [14] , and the third one is based on the extended MHD equations derived from the kinetic equation including the rf source [25] [26] [27] . Numerical effort based on the third method is still ongoing. Most existing studies are based on the MRE, for which the value of the tearing mode stability index has to be assumed and is subject to certain level of uncertainty, since the tearing mode stability index in the nonlinear phase is different from the linear one. The second approach is more complicated and takes long computation time, but the change of the plasma current density profile is self-consistently included, and the tearing mode stability index is not needed. It is of great interest in learning the difference between the results obtained from these two approaches. In addition, for the design of a fusion reactor it is important to know the dependence of the required driven current for NTM stabilization on the plasma and rf current parameters.
In this paper, the stabilization of NTMs by ECCD is studied numerically following the second kind approach for both the modulated current drive (MCD) phased with the island's O-point and the continuous or non-modulated current drive (NMCD). The dependence of the minimum required driven current for NTM stabilization on some parameters is calculated, including the bootstrap current density, radial ECW deposition width, the island width when applying ECW, and the radial deviation of the rf current from the resonant surface. By fitting the numerical results, simple expressions are obtained for these dependences. In addition, analysis based on the MRE has also been carried out to compare with numerical results, showing that they qualitatively agree each other, while a quantitative difference between them exists.
Our numerical calculation model is described in section 2, followed by the numerical results in section 3. The comparison between numerical results and those from the MRE is presented in Section 4. The discussion and summary are in section 5.
Numerical calculation model
Periodical cylindrical geometry is utilized, and the magnetic field is defined to be
where is the helical flux function, / and / are the wave vectors in (poloidal) and (toroidal) direction, respectively, is the major radius, and 0 is the toloidal equilibrium magnetic field.
The Ohm's law, the plasma vorticity equation and the plasma pressure evolution equation are utilized,
where = ∅ × , ∅ is the stream function. -3] and are the plasma current density, the bootstrap current density, and the driven current density by ECW in the direction, respectively. The prime denotes the radial derivative. is the plasma mass density, the plasma resistivity, the plasma viscosity, the plasma pressure, ∥ and ⊥ are the parallel and perpendicular gradient. ∥ and ⊥ are the parallel and perpendicular heat transport coefficients, and and are the heating power and the equilibrium electric field, respectively. is a constant of the order of unity, = / the inverse aspect ratio, and the poloidal magnetic field. The plasma density and ion temperature are assumed to be constant for simplicity.
The driven current density by ECW is assumed to be proportional to the fast electron density , which is calculated from [12] 
where ∥ ( ⊥ ) is the parallel (perpendicular) transport coefficient, 1/ is the slowing-down time of the fast electrons. The fast electron source density generated by ECW, , is defined by [12, 17] 
where 0 , and are the amplitude, the half width and the radial deposition location of the source, respectively.The square box function Π(ℎ 0 , Δℎ) is equal to 1 for |ℎ − ℎ 0 | < ℎ and to 0 otherwise, defining the helical angle of the ECW deposition, where ℎ 0 = , is the relative rotation frequency between the mode and the ECW deposition, and ℎ is the instantaneous wave deposition width along the helical angle ℎ = + . The magnetic island is assumed to be not rotating, while the ECW deposition rotates along the helical angle with respect to the island.
Because the cylindrical geometry is utilized here, the toroidal effect, such as the Glasser effect [28, 29] , is neglected. In addition, the diamagnetic drift and the associated ion polarization current [30] [31] [32] [33] [34] [35] have not been included. It is known that the Glasser effect and the ion polarization current are important for the stability of a small island. Once the island is sufficiently large, however, they become negligible compared to the bootstrap current perturbation for the island growth. Therefore, our model is valid for a large island but is inaccurate for a sufficiently small island when the Glasser effect and the ion polarization current are important.
Normalized quantities are used in our calculations. The time is normalized to , the length to , the helical flux to 0 , current density to 0 0 ⁄ , and the transport coefficients to 2 ⁄ , where
0 ⁄ is the resistive time and is the minor radius. The viscous time = 2 / is assumed to be ten times smaller than the resistive time.
Numerical results
In Section 3.1 the numerical results on the parameters affecting NTM stabilization by ECCD are shown. The minimum driven current required for fully stabilizing the NTM is presented in Section 3.2.
Parameters affecting NTM stabilization by ECCD
The An example of the time evolution of the normalized / = 3/2 magnetic island width, / , is shown in figure 1 . The solid curve is for the case without applying ECCD. Driven by the bootstrap current perturbation, the island grows up in a time scale about 0.01 . After nonlinear mode saturation, ECW is turned on at / = 0.04 with / = 0.02, where is the driven current by ECW, and is the plasma current. The dashed curve is for the case of MCD phased with the island's O-point (50% duty cycle), and the dot-dashed curve is for NMCD. MCD has a slightly stronger stabilization effect than NMCD does in this case. Without applying ECCD, the / = 3/2 magnetic island width at nonlinear saturation is shown in figure 2 as a function of the local bootstrap current density fraction / , obtained by varying the plasma beta value while keeping other input parameters unchanged in calculations. The saturated island width is approximately proportional to local equilibrium bootstrap current density. This is as expected from the MRE [2, 3] ,
in which = 0 2 1.22 . ∆ 0 ′ is the tearing mode stability index, ∆ ′ = 4.6√
2 + 2 is the bootstrap current perturbation term, ∆ ′ is the driven current term, and is the characteristic island width above which the plasma pressure is flattened across the island [2] . Without ECCD, the saturated island width (for ≫ ) is proportional to the local radial gradient of the pressure or the local bootstrap current density. The saturated magnetic island width for the 3/2 mode is shown in figure 3 as a function of the driven current fraction / for different ECW deposition width, / = 0.05 (solid curve) and 0.10 (dashed). The square (circle) symbols are for MCD (NMCD). The stabilizing effect of ECCD for a smaller is stronger than that for a large one, since the driven current density is larger in this case for the same amount of driven current. MCD and NMCD have nearly the same stabilizing effect for a small , while NMCD is less effective than MCD for a large , as expected [13, 15] . In addition, the saturated island width decreases linearly with the driven current amplitude when the rf current is sufficiently small. When a critical driven current is reached, the island width decreases to zero rapidly, because the island width is close to the characteristic island width , which equals 0.0437 for our input parameters [2] . The critical driven current is the minimum driven current required for NTM stabilization.
In addition to the / = 3/2 NTMs, the / = 2/1 modes can also grow to a large amplitude [36] [37] [38] [39] [40] and sometimes even cause plasma major disruptions. The stabilization of the 3/2 and the 2/1 modes by ECCD is compared in the following. Without applying ECCD, the time evolution of (a) the tearing mode stability index 
where 1 is the perturbed helical flux function of the / = 3/2 or 2/1 component, and + and − are the minor radius of the outer and the inner edges of the island obtained from numerical calculations. It is seen that the 2/1 mode grows to a larger amplitude than the 3/2 mode does. According to equation (7), the saturated island width without ECCD is given by
A less negative value of ∆ 0 ′ for the 2/1 mode leads to a larger saturated island. Corresponding to figure 4 , the saturated island width is shown as a function of / in figure 5 for the 3/2 (solid curves) and 2/1 NTMs (dashed) with / = 0.05 . The square (circle) symbols are for MCD (NMCD). The required driven current for fully stabilizing the 2/1 mode is less than that for stabilizing the 3/2 mode. The bootstrap current density is smaller at the = 2/1 surface than that at the 3/2 surface for the above case. Therefore, a smaller rf current is required to compensate the missing bootstrap current inside an island. Above results indicate that the required driven current for NTM stabilization depends more on the local bootstrap current density than on the value of the ∆ 0 ′ , if the bootstrap current density is not too low.
For above results the ECCD is applied right at the resonant surface. The radial misalignment between ECW deposition and the resonant surface significantly affects the NTM stabilization. For / = 0.05 and / = 0.173, the saturated 3/2 island width for MCD is shown in figure 6 as a function of the normalized radial deviation of ECW deposition from the rational surface, = − , for / = 0.03 (solid curve) and 0.02 (dashed). A sufficiently large shift of ECW deposition away from the rational surface can significantly decrease the stabilizing efficiency as expected. 
The minimum rf current required for NTM stabilization
In order to obtain the minimum rf current required for fully stabilizing the 3/2 NTM, , ,numerical calculations have been carried out to scan over the driven current amplitude similar to that shown in figure 3 . With / = 0.05, , / is shown as a function of the local bootstrap current density fraction / in figure 7 for MCD (square symbols) and NMCD (circle). It is seen that , depends linearly on / for both cases. The polynomial fitting to the numerical results leads to the relations , = 0.2399 − 0.0166 (10) for MCD and , = 0.2534 − 0.0168
for NMCD, which are also shown in figure 7 by the solid and dashed curves. 
for NMCD, which are also shown in figure 8 by the solid and dashed curves. (12) and (13).
Figure 9.
, / for the 3/2 mode versus the normalized island width for MCD (solid curve) and NMCD (dashed), with / = 0.05 and / = 0.173 at the resonant surface. ECCD is applied when the island width grows to the value shown by the horizontal axis.
When ECCD is applied during the island growth before nonlinear saturation, less driven current is expected to be required for mode stabilization. In figure 9 , / for the 3/2 mode is shown as a function of the normalized island width / for MCD (solid curve) and NMCD (dashed), with / = 0.05 and / = 0.173 at the resonant surface. ECCD is applied when the island width grows to the value shown by the horizontal axis. It is seen that before mode saturation, the required driven current for mode stabilization scales linearly with for both MCD and NMCD due to the finite and a larger stabilizing effect of ECCD for a smaller island, indicating the advantage of applying ECCD earlier. The pressure evolution equation (equation (4)) takes into account both the parallel and the perpendicular transport, so that the numerical results are affected by the ratio between them, which is equivalent the effect of in the MRE [2] . The radial misalignment between ECW deposition and the resonant surface decreases the stabilizing effect, as seen from figure 6. With / = 0.05 and / = 0.173 at the resonant surface, , / for the 3/2 mode is shown in figure 10 as a function of the radial deviation of the rf current, , for MCD (square symbols) and NMCD (circle). ECCD is applied after nonlinear mode saturation.
, / significantly increases if the radial deviation > 0.02, especially for NMCD. ECCD deposited at the outer side of the rational surface is better than that at the inner side in agreement with experimental observations [4, 42, 43] , since a larger current density gradient around the inner edge of the island is destabilizing [44, 45] .
The polynomial fitting to the numerical results shows the relation , = 23.0844 2 − 0.0883 + 0.0223 (14) for MCD and , = 50.0106 2 − 0.4895 + 0.0225 (15) for NMCD, which are shown by the solid and dashed curves in figure 10 , respectively. 
Comparison between numerical results and MRE
The driven current term in equation (7) has the following form [2, 3] ,
where is the so-called stabilization efficiency. Results obtained from the MRE utilizing equations (7) and (16) To compare the numerical results with those obtained from the MRE, , / is shown as a function of the local / at the resonant surface for / = 0.05 in figure 12 . The solid curves are obtained from numerical calculations. The dashed curves are obtained from MRE using ∆ 0 ′ = − / . The dot-dashed curves are also obtained from MRE but using the ∆ 0 ′ calculated from equation (8) . The square (circle) symbols are for MCD (NMCD). The numerical results have the same trend as those from MRE. A quantitative difference between numerical results and those from MRE exists. Figure 13 shows , / as a function of the half width of driven current, , with / = 0.173 at the resonant surface. Both numerical results and those from MRE reveal an approximately linear relation for MCD but quadratic relation for NMCD between , / and . The quantitative difference between numerical results and those form MRE is larger for a larger or Icd,r. (8)). The square (circle) symbols are for MCD (NMCD).
According to equations (7) and (16), the required driven current for mode stabilization is proportional to = ( ) 2 1 . The parameter y as a function of the full width of driven current is shown in figure 14 , where the solid, dashed and dot-dashed curves are for / = 0.01, 0.05 and 0.1, respectively. The black (blue) curves are for MCD (NMCD). There is also a linear (quadratic) relationship between y and with MCD (NMCD), explaining the results shown in figure 13 . , / is shown as a function of the radial deviation of the rf current in figure 15 . The numerical results have the same trend as those obtained from the MRE. The quantitative difference between them is smaller if the rf current is accurately applied at the resonant surface. In this case Icd,r is smaller. The values of , / obtained from MRE are symmetric on the two sides of the rational surface, being different from numerical results for which the effect of the plasma current profile is selfconsistently included. It should be mentioned that with NMCD, the obtained value of ∆ ′ is negative for | | > 0.045 due to the destabilizing effect of driven current deposited around the island edge, in agreement with the previous finding [46] .
Figure 15.
, / versus the radial deviation of the rf current , obtained numerically (solid curves). The dashed (dot-dashed) curves are obtained from MRE using ∆ 0 ′ = − / (the ∆ 0 ′ calculated by equation (8)). The square (circle) symbols are for MCD (NMCD).
Discussion and summary
The stabilization of NTMs by ECCD is theoretically studied in this paper. The numerical results qualitatively agree with those obtained from the MRE. However, there is a quantitative difference between them. The difference becomes larger for a larger driven current width and a larger radial deviation of the rf current from the resonant surface, as shown in figures 13 and 15. In these cases the required driven current for mode stabilization is larger. A possible explanation is that a larger driven current results in a larger change of the local plasma density profile and therefore a larger difference. It is known that the local plasma current density profile is affected by the amplitude, width and the radial location of the rf current. It is interesting to note that when the rf current is accurately applied at the resonant surface with a smaller such that the required driven current for NTM stabilization is smaller, the difference between numerical results and those from the MRE is smaller, and the MRE gives a good approximation.
The required rf current for mode stabilization is affected by the bootstrap current fraction, the driven current width, the turn-on time of ECCD, the ECW deposition location, as well as the way of current drive, MCD or NMCD. Linear relations are found between the required rf current and / for both MCD and NMCD, as expected. There is an approximately linear relationship between , / and for MCD but a quadratic relationship for NMCD, indicating the benefit of MCD for a large driven current width. When ECCD is applied during the island growth, the required driven current for mode stabilization linearly increases with island width for both MCD and NMCD, implying the advantage of applying ECCD earlier. When there is a radial deviation of the rf current from the island, , / for mode stabilization significant increases, especially for NMCD, showing the importance of an accurate ECW deposition.
The 
for NMCD with / = 0.173.
Equations (12)- (13) are obtained by fitting the numerical results with / in the range from 0.03 to 0.1. By fitting of our additional numerical results for a smaller / , / = 0.02, and zero radial mis-alignment, it is found that , / has the following dependence on / , , = 17.8252 − 1.2349(MW/MA) (19) for ITER parameters with NMCD. Using equation (17), the required modulated ECW power for NTM stabilization in ITER is found to be 28 MW for / = 0.16, = 0.025 and = 15 , when ECCD is applied after mode saturation without radial mis-alignment. For = 0.02 , the required non-modulated ECW power is 24 MW according to equation (19) . More ECW power will be required for a larger ECW deposition width or with a radial deviation of the rf current, especially for NMCD with the radial deviation being larger than 0.02 . However, if ECCD is applied at the right location when the island is still small, the required ECW power will be significantly reduced.
It should be noted that the above value of 28 MW required for the m/n=3/2 NTM stabilization in ITER relies on the ECW deposition width as well as the equilibrium plasma current density profile used for numerical calculations. The required ECW power is lower by about a fact 1.5 obtained from the MRE, depending on the value of ∆ 0 ′ . It should also be mentioned that the required power for the m/n=3/2 NTM stabilization in ITER calculated from the MRE in [47] is at the level of 10 MW, because the coefficient for the dependence of the bootstrap current density on the plasma density and temperature gradients is obtained experimentally, which is smaller than that obtained from theories [47, 49] . In summary, theoretical studies on NTM stabilization by ECCD have been carried out to study the dependence of the minimum rf current required for NTM stabilization on some parameters, including the bootstrap current fraction, the radial width of the driven current, the radial deviation of rf current from the rational surface, and the island width when applying ECCD. Simple relations for these dependences are obtained by fitting the numerical results. The results obtained from numerical simulations and from the modified Rutherford equation have the same trend, while there is a quantitative difference between them. When the rf current is accurately applied at the resonant surface with a small ECW deposition width such that the required driven current for NTM stabilization is smaller, the difference between them is smaller.
